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Kaplan classes of a certain family of functions 


ABSTRACT. We give the complete characterization of members of Kaplan 
classes of products of power functions with all zeros symmetrically distributed 
in T :— {z € C : |z| = 1) and weakly monotonic sequence of powers. In this 
way we extend Sheil-Small’s theorem. We apply the obtained result to study 
univalence of antiderivative of these products of power functions. 


Introduction. Let Hg be the class of all analytic functions f : D — C 
normalized by f(0) = 1 and such that f Z 0 in D := {z E€ C: |z| < 1). 
Let S be the class of all analytic functions f : D — C normalized by 
f(0) = f'(0) — 1 = 0 which are univalent and C be the class of functions in 
S that are close-to-convex. For a, 8 > 0 the Kaplan class K(o, B) is the set 
of all functions f € Hg satisfying one of the two equivalent conditions: 


a B)(01 — 03) , 


(0.2) Qm (a — B)(01 — 05) € arg f (rei?) — arg f (rei) . 


for 0 « r < 1 and 0, < 05 < 0, + 27 (see |6, pp. 32-33]). 
Let N; := NA [1;j] for j € N and Rt := (0;+00). Fix n € N and a 
weakly monotonic sequence m : Nn — R*. Define the functions 


(0.1) arg f (reif) — arg f (re?) < Br 


_ 4 2m(k=1) 


(0.3) > zoe f(z) = 1-ze n fo kcN, 
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and 


(0.4) >z P =s 


We denote the class of all such PTN Pu by P4. Let us notice 
that the function P,(:; m) is a product of power functions with all zeros 
symmetrically distributed in T. In particular if mz € N for all k € Nn, then 
P, (-; m) is a polynomial of degree 77 , mi, with all zeros symmetrically 
distributed in T. The functions of the form D 5 z 5 1— ze^* for t € [0; 27) 
play the central role in the univalent functions theory. Due to the result 
of Royster [5] they are used for example as an extremal functions in many 
articles (see [1, 4]). 

The Kaplan classes were used as the universal tool for establishing many 
important subclasses of S (see [6, p. 47]). Complete membership study even 
for the simplest functions from Hg was not carried out. For a given function 
it can be difficult to check if it belongs to any Kaplan class. We deduce from 
[2, Theorem 1.1] that f; € K(1,0) for any k € Nn. Moreover, Sheil-Small 
proved the following theorem (see [7, p. 248]). 


Theorem A (Sheil-Small). For any polynomial Q € Ha of the degree 
n € NX {1} with all zeros in T, if A is the minimal arclength between 
two consecutive zeros of Q, then Q € K(1,21/A — n 4- 1). 


Theorem A can also be deduced from [3], where Jahangiri obtained a cer- 
tain gap condition for polynomials with all zeros in T. In [2], we extended 
the Jahangiri's result for all a, 8 > 0 and effectively determined complete 
membership to Kaplan classes of polynomials with all zeros in T. In this 
article, we extend the above results by describing complete membership to 
Kaplan classes of functions from the class P, for all n € N. To this end we 
recall some properties of Kaplan classes (see [7, p. 245]). 


Lemma B. For all a1, a2, 31,82 > 0 and t > 0 the following conditions 
hold: 


f € K(a1, 81) and g € K(as, 83) > fg € K(a1 + a2, b1 + b2), 
f € K(a1,61) > f? € K(0,0), 

f € K(a1, 61) — i € K(toi,tfi), 

f € K(œ, fi) e f !€K(8,a). 
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1. Main theorems. Assume that mo :— 0. For all j € N and k € Nn we 
define 


2n(j — 1) - 
Hd PCM 


n-k n < 
ak = — ; boost Pom. 


k l=n—k 
n n—k—1 
Tk := Ds m,— kma-k, Ye i= (n — k)Mn-k — D Mı, 
Io := ((z,y) e R?: £ > mp}, 
Iy := ((z,y) € R? : y > apa + dy}, 
II, := { (x,y) e R? : 0 < £ < mn}, 
k = { (x,y) € R?:0 € z, 0€ y « ayz 4- bi), 


il 
EDE 
H 


ll 
o 


Now we give the complete characterization of membership of P,(:; m) to 
Kaplan classes. 


Theorem 1.1. /f/ m: N, — R* is weakly monotonic, then for all o, B > 0, 
P,(-;m) € K(a, B) if and only if (a, 8) € II. 


Proof. Without loss of generality we assume that m is a nondecreasing 
sequence. Since [Tz.., fx(z) = 1 — z" and 1— z" has positive real part in D, 
we have 


(1.1) || f € Ka,1). 


k=1 


First we prove that P,(-; m) € K(£k, yx) for k € Nn. Fix k € Nn. Therefore, 


l=1 l=1 
n n—k-1 n 
Mn—k MI-—Mn-k MI—-Mn-k 

= [s E a 

l=1 l=1 l=n—k+1 

n n—k-1 1 Tak — mI n 
_ II fk S II PE NEE 
E " l 

l=1 l=1 l=n—k+1 
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By (1.1) and Lemma B, we get 


II fr * € Kim, ky Mn— DE 


T Pace ™ € K(0, Mn-k — mi) for LE Nn-k-1 


and 
Ep € K(mMmı — Mn_x, 9) for leE Nn NN, 4. 
Then 
n n—k—1 
Pem € K (miet 35 (mma) met Y (rte =) 
l=n—k+1 l=1 


and as a consequence 
(1.2) Pa(; m) € K(zk, Yk). 


By Lemma B, we obtain f € II. 

Now we prove the second part of the theorem. Fix k € Nn-1. Con- 
sider the left side of inequality (0.1) with N 2 j => 061(j) := —2m/m + 1/7, 
N > j > 69(j) := 21 — 2n(k + 1)/n - 1/j and N 3 j e rj := 1 — 1/5*. 
Therefore, 


arg(Ps (rje ^; m)) — arg( Ps (rje ^; m)) 


e: : m; | arctan -—rjsin (20) =a b= 1) 
ae ( ! (c ey) 


n 


— arctan | -—rjsin (01 (5 Dm ee 1) )) 
1 — rj cos (61(j) — (L — 1)) 


rj sin (2 (k+1)+ 1) 


n 
= ) my | arctan 


I=1 1 — rj cos (22(& +1) + 1) 


n 


— arctan = i 
1 — rj cos ( " ) 
n—k-1 rj sin (25 +1) + 1) 
= mı | arctan 
I1 1 — rj cos (22k l) + 1) 
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35 
n-l rjsin (22+) +4) 
ale b» mı | arctan 
l=n—k4+1 1—r; cos CIC +1)+ 1) 


(-3)() 
+ Mn-k | arctan : 
z) cos (2) 


j 
M. 21k 1 
Tj sin (28 T 1) 
+ Mnp | arctan 5E : 
T 
1 — rj cos ( 2# + 3) 


and as a consequence 


lim (arg(Pa(rje®?; m)) — arg(Pa (rje ^ ; m))) 
j—4oo 


n—k-—1 l | 
- sin (b+) sin (220) 
= 2. mi (sis ( Ec (2 (k + D) arctan 1— cos (2) 
n—1l : | 
sin CE (e +) sin (27! 
+ T m mi (sms C — cos (25 (k a 1)) arctan 1— cos (1j 


By the trigonometric identity: 


sin x Toup 
cx ——— f R 24 
1 — cos x an (5 5) op AS Ut iT} 
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we get 
lim (arg(P, (rje ^; m)) — arg( P, (rje ^; m))) 
j—-oo 
n—k-—1 x z ] , 
= D mi (arctan (tan ( = iU + ii — arctan (tan G = =) 
n—l1 - 
t 2. mi (arctan tan (Z k 4 ))) arctan (tan G E- 


( 
ema (+ arctan (tan (7 - ey 
cellent): 


Since 
: (k ne( ziz) for 1 € Ny 41, 
i “(hk De ( x z) for 1€ Nn- \ Nak 
and 
l T 
; = ( ziz) for | € N41, 
we have 


emis T T m ml 
= Y ons —(k +1) fm) 
l=1 
n-1 
3m T Tl 
E Y (5 nd fm) 
l=n—k4+1 
i Tal Tk P T nk m 
Hem eg mg cia ONT na 
wks 
= ——— + 7 mı 
4 l=n—k 


On the other hand, 


pu. GE Za- p00) -«u)) BR E (s +) 
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from which we deduce that inequality (0.1) does not hold for 


n—k "i 
B « i a ot So m 
l=n—-k 


and as a consequence P,,(-;m) € K(a, B) for (a, 8) € II. Hence 
n—1 
(1.3) P,(5m) ¢ UJ ni. 
k=1 
Now we prove that P,(:; m) € Ij. Consider the right side of inequality (0.2) 


with N 2 j +> 61(j) := 21(n—1)/n4-1/j, N 3 j  02(3) := 21 (n-1)/n—1/j 
and N > j > rj := 1 — 1/7?. Therefore, 


arg( P, (rje?; m)) = arg( Pa (rje ^; m)) 
(1 — +) sin (1) 
1 (1 +) Cos (1) 


= —2m, arctan 


-1 —r. cin { 2m! 1 
n rjsin (2 j 
+5 m, | arctan EET 
f 2ml 1 
l=1 1 — rj cos ( 22 1) 
2nl 1 
—r;sin (221+ 1) 
— arctan ae i 
T 
1 — r; cos (2+1) 
and as a consequence 
lim (arg( P, (r;e*?; m)) — arg( P, (r;ei^ ; m = mam. 
Jim. (are(Ps (rj sm) — arg (Pa (rje; m))) = mn 


On the other hand, we have 
: 1 : 
Jim. (sam sto - 8620) - 9) = -er. 
joo 2 


from which we deduce that inequality (0.2) does not hold for a < Mn and 
as a consequence P,(-; m) ¢ K(o,) for (a, 8) € II. From this and (1.3) 
we obtain 


k=0 


By Theorem A, if mj; = 1 for all k € Ny, then P,(-;m) € K(1,1). 
Theorem 1.1 is an extension of Theorem A for functions from the class Ph. 
Moreover, in the first part of the proof of Theorem 1.1 we obtain nontrivial, 
interesting factorization of P,,(-;m) (cf. [7, p. 246]). 
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Remark 1.2. Let us notice that for a nondecreasing sequence m : Nn > Rt 
points (£k, Yk) for k € Nn are all vertices of the set II. Analogously we can 
effectively determine vertices of II if m is nonincreasing. 


Let p} :— (P&(-; m))? for any q € R such that (0) = 0. The complete 
characterization of functions P,(:; m) belonging to Kaplan classes obtained 
in Theorem 1.1 can be used to study univalence of q. 


Theorem 1.3. /f m : N, — R* is nondecreasing sequence, then for any 
n E€ N, k € Nn—ı and q È 0 the following implications hold: 


1 
(1.4) s>nmy_-1—-— 2m, => (e ec <— q€ b+) 


Mn 


sc Ç + 2k)Mn-k-1 — 2 2 mi; (n + 2k)m, 4 — 2 y m) 
(1.5) l=n—k l=n—k 


=> EC = q€ |0; Hr 
"i B RO pac mi — ks l 


Proof. Let m be a nondecreasing sequence. Fix q > 0. First we prove 
(1.4). If s > nmpn_1 — 2Mn, then yı < 3x1. This and Theorem 1.1 imply 
that P,(-;m) € K(m,,3m,) and for any o € [0; mn), Pr(-;m) ¢ K(a, 3a). 
Therefore, (P,(:; m))? € K(1,3) if and only if q € [0; 1/m;]. 

Now we prove (1.5). Fix k € N4 41. Assume that 


TV TV 
sc Ç +2k)Mn-k-1 — 2 > mi; (n + 2k)m, 4 — 2 `> m) f 
l=n—k l=n—k 


Then 


yı < 3a, forle Ny, \Nze. 
This and Theorem 1.1 imply that 


n $ 3n = 
Pa K| —— — ks, ——— —k 
quest c ee ne) 


and for any 


. > 3a, forle Nz, 


n 
n 
ae Oe Dom ar 


P4(:; m) é K(a,3a), which leads to (1.5). 


Theorem 1.4. Jf m : N,, — R* is a nondecreasing sequence, then for any 
n E€ N, k € Nn-ı and q < 0 the following implications hold: 


Mn 


2 3 
(1.6) 8 2f + Mn => C <— q€ |- 0) ), 
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2 2 x 2 Ds 
sc (nF) Mn—k-1t3 »3 mi; (n- $5) Mn-kt3 `> m) 
(1.7) l=n—-k l=n—-k 


= EC — qc PAR -0 
Pa 4 ks — OD e m’ f 


Proof. Let m be a nondecreasing sequence. Fix q < 0. First we prove (1.6). 
If s > 2/3m, + nm, 4, then 3yj € xı. This and Theorem 1.1 imply that 
Palim) € K(m,,1/3mj4) and for any a € [0; mn), Palim) é K(o,1/3a). 
Therefore, (P,(:; m)) € K(1,3) if and only if q € [-3/m;; 0). 

Now we prove (1.7). Fix k € N41. Assume that 


3y, > xı for | € Nk, 
3y €z; forle NS AN,. 


'This and Theorem 1.1 imply that 
3n Z n = 
Pem e x ( `> m — ks, 9 ak 5 m-ks) 
l=n—k l=n—k 
and for any 


n n 
QE Rue x m-ks), 


=n—k 


P,(-;m) ¢ K(3a, a), which leads to (1.7). 
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